$T\bar T$, Black Holes and Negative Strings by Chakraborty, Soumangsu et al.
ar
X
iv
:2
00
6.
13
24
9v
1 
 [h
ep
-th
]  
23
 Ju
n 2
02
0
TT , Black Holes and Negative Strings
Soumangsu Chakraborty1, Amit Giveon2 and David Kutasov3
1Department of Theoretical Physics
Tata Institute of Fundamental Research, Mumbai 400005, India
2Racah Institute of Physics, The Hebrew University
Jerusalem 91904, Israel
3EFI and Department of Physics, University of Chicago
5640 S. Ellis Av., Chicago, IL 60637, USA
String theory on AdS3 has a solvable single-trace irrelevant deformation that is closely
related to TT . For one sign of the coupling, it leads to an asymptotically linear dilaton
spacetime, and a corresponding Hagedorn spectrum. For the other, the resulting spacetime
has a curvature singularity at a finite radial location, and an upper bound on the energies
of states. Beyond the singularity, the signature of spacetime is flipped and there is an
asymptotically linear dilaton boundary at infinity. We study the properties of black holes
and fundamental strings in this spacetime, and find a sensible picture. The singularity does
not give rise to a hard ultraviolet wall for excitations – one must include the region beyond
it to understand the theory. The size of black holes diverges as their energy approaches the
upper bound, as does the location of the singularity. Fundamental strings pass smoothly
through the singularity, but if their energy is above the upper bound, their trajectories
are singular. From the point of view of the boundary at infinity, this background can be
thought of as a vacuum of Little String Theory which contains a large number of negative
strings.
1. Introduction
About twenty years ago [1], it was pointed out that string theory has a class of weakly
coupled backgrounds that interpolate between linear dilaton spacetimes in the ultraviolet
(i.e. at large values of a radial coordinate, where the string coupling goes to zero), and AdS3
in the infrared. Like all asymptotically linear dilaton spacetimes, these backgrounds are
holographic [2]. The natural observables are correlation functions of operators living on the
boundary at infinity, which are described in the bulk by non-normalizable wave functions,
and physical states, which correspond to normalizable (and delta function normalizable)
wave functions. From the point of view of the UV theory, these backgrounds describe
states in Little String Theory (LST) [2-4], which contain a large number of fundamental
strings [1,5]. This description is somewhat implicit due to the absence of an independent
formulation of LST.
After the advent of TT deformed CFT [6,7], it was noted [5] that the backgrounds
of [1] have many features in common with TT deformed CFT. In particular, from the
infrared perspective, these backgrounds correspond to string theory on AdS3, which is
dual to a CFT2, in the presence of a deformation which corresponds in the boundary
theory to adding to the Lagrangian a certain dimension (2, 2) quasi-primary operator. This
operator, which was constructed in [8], shares many properties with TT , but is distinct
from it. Moreover, like TT deformed CFT, the bulk theory is exactly solvable in the
presence of this perturbation.1 Thus, the results of [1,5,8] provide a constructive definition
of the boundary theory holographically related to string theory in a class of asymptotically
linear dilaton backgrounds.
The resulting theory is non-local (e.g. it has a Hagedorn density of states at high
energies), and therefore goes beyond the standard QFT paradigm of a UV fixed point
connected to an IR fixed point by an RG flow. There was some work on the manifestations
of this non-locality in observables such as correlation functions [10,11], spatial entanglement
[12,13] and Wilson lines [14]. Some generalizations of the construction were investigated
in [9,15-17].
An important question concerns the precise relation of this theory to TT deformed
CFT. This is an open problem, but one thing that is known about it is the following.
String theory on AdS3 has a sector dual to a symmetric product CFT, which describes
long strings [18,19]; see [9] for a recent discussion and further references. In this sector,
1 See e.g. [9] for further discussion of these and some closely related backgrounds.
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the deformation of [1,5] corresponds to replacing the symmetric product of CFT’s by a
symmetric product of TT deformed CFT’s [5,20,9].2 This relation was used to obtain new
insights into TT deformed CFT and related theories; see e.g. [21,22] for recent discussions.
As should be clear from the above comments, in our view it is important to improve
the understanding of the backgrounds of [1] and related ones, since they constitute one
of the only cases where holography can be studied in detail in a situation where the UV
theory is not a CFT.
A central tool in studying the AdS/CFT correspondence has been the analysis of black
hole (BH) solutions of the bulk theory. Some preliminary comments on their features in
the backgrounds of [1] were made in [5]. One of the purposes of this note is to expand on
those comments, and apply them to the study of the bulk-boundary duality. In particular,
we will show that BH thermodynamics in the background of [1] leads to an energy formula
essentially identical to that of TT deformed CFT.
The main focus of this note involves the sign of the coupling in TT deformed CFT. In
the original work on this subject [6,7] it was shown that for one sign of the TT coupling,
which we will call negative, there is an upper bound on the energies of states in the
undeformed theory that give rise to states with real energy after the deformation. This led
to questions such as what is the fate of states with energy larger than the bound, and what
is the high energy behavior of the theory. Despite some subsequent work, these questions
remain open.
There was also some work on the holographic dual of TT deformed CFT with negative
coupling, starting with [23]. In that paper it was proposed that turning on a negative TT
coupling corresponds in the bulk to introducing a UV wall (an upper bound on the radial
coordinate) in AdS3. The location of this wall depends on the value of the coupling. As
the coupling goes to zero, the wall approaches the boundary of AdS3. The upper bound
on the energies corresponds according to this proposal to the constraint that black holes in
the resulting background fit in the cut-off AdS3. This proposal was subsequently discussed
extensively (see e.g. [24,25] and references therein), but much about it remains mysterious.
The correspondence between the background of [1] and TT deformed CFT holds for
positive coupling. One can construct the theory for negative coupling as well, and one of
our main goals here will be to study it, in order to shed light on the above questions, and
related ones.
2 For this reason, this deformation is often referred to as a “single-trace TT deformation.”
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We will arrive at a picture which in some ways resembles that of [23]. The bulk
spacetime approaches AdS3 in the IR, and has a naked singularity in the UV (the analog
of the UV wall in AdS3 discussed in [23]). Black holes in this background have a maximal
energy, at which their horizon approaches the UV singularity.
Our picture also differs in important ways from that of [23]. The most significant
one is that we will find that the region beyond the (original) UV wall plays an important
role in the dynamics. In particular, we will construct BH solutions in the corresponding
background, and find that as their energy increases, the radial location of the UV wall (the
naked singularity) increases as well, and as the energy approaches the critical energy of
[6,7], the wall is pushed towards the boundary at infinity. We will also study the dynamics
of long fundamental strings in this background, and find that they pass smoothly through
the singularity, but when their energy exceeds the critical energy of [6,7], they encounter
a (different) singularity beyond it.
Thus, we conclude that in studying the single-trace TT deformed CFT with negative
coupling, one needs to include in the description both sides of the naked singularity, and
in particular the asymptotically linear dilaton region beyond the singularity.
As mentioned above, single-trace TT deformed CFT with positive coupling can be
viewed from the UV point of view as a vacuum of LST with a large number of fundamental
strings bound to the fivebranes. We will see that the theory with negative coupling can
similarly be viewed as a vacuum of LST with a large number of negative fundamental
strings (see e.g. [26] and references therein for discussions of negative branes in string
theory).
The plan of the rest of this note is the following. In section 2, we review the non-
extremal background of k Neveu-Schwartz fivebranes, p fundamental strings, and momen-
tum n on the S1 wrapped by the strings. In section 3, we take the near-horizon limit of
the fivebranes, and study the resulting BH thermodynamics. In particular, we show that
it leads to a formula for energies of states that is closely related to that of TT deformed
CFT. In section 4, we study single-trace TT deformed CFT with negative coupling. We
show that BH thermodynamics leads in this case to a maximal energy, at which the size of
the BH goes to infinity, and its horizon approaches the naked singularity. In section 5, we
study the dynamics of probe fundamental strings, and find results which agree with the
expected structure in single-trace TT deformed CFT. In section 6, we discuss our results
and possible generalizations. Five appendices contain relevant technical results.
3
2. The black hole background
The construction of [1] is quite general, but it will be sufficient for our purposes to
consider a special case, type II string theory on IR4,1×T 4×S1, in the presence of k Neveu-
Schwarz fivebranes (NS5-branes) wrapping T 4 × S1 and p fundamental strings wrapping
the S1, with n units of momentum on the S1. The metric, dilaton and NS three-form field
strength take in this background the form [27,28]3
ds2 =
1
f1
[
− f
fn
dt2 + fn
(
dx+
r20sinh2αn
2fnr2
dt
)2]
+ f5
(
1
f
dr2 + r2dΩ23
)
+
4∑
i=1
dx2i ,
e2Φ =g2
f5
f1
,
H =dx ∧ dt ∧ d
(
r20sinh2α1
2f1r2
)
+ r20sinh2α5dΩ3,
(2.1)
where g = eΦ0 is the string coupling far from the branes, related to the ten dimensional
Newton constant in flat spacetime by
G
(10)
N = 8pi
6g2l8s , (2.2)
and ls =
√
α′ is the string length. The coordinate x parametrizes a circle of radius R, xi
(i = 1, · · · , 4), label the T 4, while r and Ω3 are spherical coordinates on the IR4 transverse
to the branes.
The harmonic functions in (2.1) are given by
f = 1− r
2
0
r2
, f1,5,n = 1 +
r21,5,n
r2
, r21,5,n = r
2
0sinh
2α1,5,n. (2.3)
The relations between the parameters α1,5,n and the integer charges p, k, n are given by
sinh2α1 =
2l2sp
vX
, sinh2α5 =
2l2sk
r20
, sinh2αn =
2l4sn
R2vX
, (2.4)
with
X =
r20
g2
. (2.5)
3 This background can be obtained e.g. by starting with that of k near-extremal NS5-
branes [29], and performing a boost followed by a T-duality and another boost (see e.g. [30],
for a description of the procedure), thus turning on fundamental string winding p and momentum
n, given in terms of the boost parameters, α1,n, and the other parameters below.
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The dimensionless quantity v is related to the volume of the T 4 by4
VT 4 = (2pi)
4vl4s . (2.6)
The parameter r0 above is a non-extremality parameter. Taking it to zero, and setting
the momentum on the S1, n, to zero, gives the supersymmetric geometry describing p
fundamental strings and k NS5-branes in asymptotically flat spacetime.
For r0 > 0, (2.1) describes a black brane in flat spacetime. It has an outer horizon at
r = r0 and an inner one at r = 0. As usual, the thermodynamics of the outer horizon can
be used to learn about the properties of highly excited states with the charges (p, k, n) in
string theory.
The ADM mass of the non-extremal geometry (2.1) is
MADM =
RvX
2l4s
(cosh2α1 + cosh2α5 + cosh2αn) (2.7)
or, equivalently, in terms of the number of strings (p), fivebranes (k), and momentum (n),
MADM =
R
l2s
√
p2 +
X2v2
4l4s
+
Rv
g2l2s
√
k2 +
X2g4
4l4s
+
1
R
√
n2 +
X2R4v2
4l8s
. (2.8)
The extremal energy, which corresponds to X = n = 0 in (2.8), is given by
Eext = p
R
l2s
+ k
Rv
g2l2s
=
RvX
2l4s
(sinh2α1 + sinh2α5), (2.9)
from which we can read off the tension of a fundamental string, T1 = 1/2piα
′, and NS5-
brane, T5 = 1/g
2(2pi)5l6s , which agree with the standard conventions of [31].
The energy of the black hole (2.1) above extremality is given by
E =MADM −Eext = RvX
2l4s
(e−2α1 + e−2α5 + cosh2αn). (2.10)
The entropy is given by [27]
S =
2piRvXr0
l4s
√
f1f5fn =
2piRvXr0
l4s
coshα1coshα5coshαn, (2.11)
where all the quantities are evaluated at the outer horizon, r = r0. The inverse Hawking
temperature is given by
β = 2pir0coshα1coshα5coshαn. (2.12)
4 Following the conventions of [27].
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Equation (2.11) is the Bekenstein-Hawking entropy S = A/4GN ,
S =
2piR
√
fn
f1
VS3VT 4
4G
(10)
N e
2(Φ−Φ0)
, (2.13)
where the numerator is the area of the horizon, the eight dimensional surface S1×S3×T 4,
evaluated with the metric (2.1) at r = r0. In particular, the circumference of the x circle
is 2piR
√
fn
f1
, VS3 = 2pi
2(f5r
2
0)
3
2 , and VT 4 is given by (2.6). The denominator in (2.13) is
4GN evaluated on the horizon. From the three dimensional perspective used in [5] one has
S =
2piR
4G
(3)
N
√
f1fn
f5
, (2.14)
where G
(3)
N is given by
G
(3)
N =
G
(10)
N
VS3VT 4
. (2.15)
It is related to the Newton constant at the horizon of the black hole, G3, via the relation
G3 = G
(3)
N e
2(Φ−Φ0) =
g2l4s
4vr30
√
f5f1
(2.16)
with f1,5 evaluated at the horizon, r = r0, as before.
3. The decoupling limit and BH thermodynamics on M3
As is familiar from discussions of LST (see e.g. [2-4,32] and references therein), we can
obtain a decoupled theory of fivebranes by taking the asymptotic string coupling g → 0,
and focusing on radial distances r of order gls. In particular, in this limit the quantity
X (2.5) is held fixed (in string units). Looking back at (2.4), we see that in this limit
α5 →∞,
e2α5 ≃ 4l
2
sk
r20
, (3.1)
and
f5(r) ≃ kl
2
s
r2
, (3.2)
which is equivalent to dropping the 1 from the harmonic function f5 in the background
(2.1), i.e. focusing on the near-horizon region of the fivebranes. In this limit, the con-
tribution of the fivebranes to the ADM mass (2.8) is equal to the extremal one (2.9).
Equivalently, their contribution to the energy above extremality, (2.10), vanishes.
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On the other hand, the quantity α1 in (2.4) remains finite in the decoupling limit, and
varies between zero and infinity. In the extremal case r0 = n = 0, the resulting geometry
(2.1) is that of [1], M3 × S3 × T 4, while for r0 > 0 it describes a (rotating) charged
black string in M3 times S3 × T 4. The charge of the black string is p, while its angular
momentum is n.
To study the thermodynamics of the non-extremal background (2.1) in the decoupling
limit, we consider the special case n = 0. The background takes in this case the form
ds2 =
1
f1
(−fdt2 + dx2)+ f5
(
1
f
dr2 + r2dΩ23
)
+
4∑
i=1
dx2i ,
e2Φ =g2
f5
f1
,
H =dx ∧ dt ∧ d
(
r20sinh2α1
2f1r2
)
+ 2kl2sdΩ3
(3.3)
with f1 given by (2.3), and f5 given by (3.2).
Setting n = 0 in (2.4), (2.10) and (2.11) and taking the decoupling limit, one finds
the entropy
S =
piRr20coshα1
2G
(3)
N kl
2
s
= 2pi
√
kl2sE2
R2
+ 2kpE , (3.4)
where
E = ER. (3.5)
Thus, for low energies the entropy goes as 2pi
√
2kpRE, the Cardy entropy for a CFT
with central charge c = 6kp and scaling dimensions h + h − c/12 = ER, h − h = 0 (see
appendix A). For high energies, the entropy goes as βhE, where βh is the inverse Hagedorn
temperature given by
βh = 2pi
√
kls. (3.6)
Using (2.3), (2.4) and (2.10) one can write
r21
r20
=
E2c
(E + Ec)2 − E2c
, (3.7)
where
Ec = pR
2
l2s
(3.8)
is the energy at which the system transitions between the Cardy and Hagedorn regimes
(3.4). As explained in [5,20], one can think of this (dimensionless, (3.5)) energy as 1/λ,
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where λ = l2s/R
2 is the analog of the TT coupling evaluated at the scale R. The factor of
p in (3.8) has to do with the fact that in the analogy to TT deformed CFT, the CFT that
is being deformed is the block of a symmetric product, so the natural object to consider is
E/p, the energy per block [5].
For E ≪ Ec, we have r1/r0 ≃ Ec/2E ≫ 1, so the relevant harmonic function in (2.3),
f1 (evaluated at the horizon), behaves as f1 ∼ r21/r20, and the horizon of the BH is deep
inside the AdS3 region inM3. On the other hand, for E ≫ Ec, r1/r0 ≃ Ec/E ≪ 1, f1 ≃ 1,
and the horizon is deep inside the linear dilaton region in M3. For general E one finds,
using (2.4), (2.10), (3.7),5
r21 = 4pk
3/2lsG
(3)
N
( Ec
E + Ec
)
,
r20 = 4pk
3/2lsG
(3)
N
E(E + 2Ec)
Ec(E + Ec) .
(3.9)
We can use the above discussion to derive an energy formula which is very similar to the
one familiar from TT deformed CFT [6,7]. The basic idea is the following.
We can view the dimensionless combination
λ =
l2s
R2
(3.10)
as a coupling parametrizing a line of theories. As we vary this parameter, the energies
of states change. We can follow the way they change, by noting that any two states that
are degenerate at a particular value of the coupling remain degenerate for all values of the
coupling. This is certainly a feature of (single) perturbative long string states inM3, and
of TT deformed CFT.6 We will assume that it holds for generic high energy states, that
are represented by black holes inM3.
Thus, consider a BH with energy E at a particular value of the coupling λ. This
BH provides a thermodynamic description of a large class of microscopic states with that
energy. The entropy of the BH is the log of the number of these states. As we vary λ, the
energy of these states changes, but since it changes in the same way for all eS states (due
to the above universality), the number of such states, and thus their entropy, remains the
5 Here we use the original variables in terms of which (3.3) is written. In the decoupling limit,
it is more useful to use the parametrization introduced later, in eq. (5.1), in terms of which the
limit g → 0, p→∞ is smooth.
6 For example, it played an important role in [33].
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same. Therefore, if we want to follow the way the energy of a given state changes with
the coupling, we can use the entropy of states at that energy as a coupling-independent
characterization of the state.
Thus, we can write (3.4) as7
S = 2pi
√
kλE(λ)2 + 2kpE(λ), (3.11)
where the l.h.s. does not depend on λ, so we can evaluate it at any value of λ we choose,
say λ = 0. We find that S = 2pi
√
2kpE(0), 8 with E(0) being the energies of the states in
the undeformed CFT that become after the deformation states with energy E(λ).
Plugging the expression for the entropy into (3.11) leads to a quadratic equation for
the deformed energies, whose solution is
1
p
E(λ) = 1
λ
(
−1 +
√
1 + 2λE(0)/p
)
. (3.12)
This is precisely the spectrum found in [6,7], written in terms of E/p, the energy per block
in a symmetric product of p TT deformed CFT’s. This agreement suggests that generic
high energy states in M3 are well described by such a symmetric product.
The discussion above was for states with zero momentum along the S1, n = 0. The
generalization to the case of arbitrary n is presented in appendix B.
4. Negative coupling
The deformation that takes string theory on AdS3 to M3 is a Thirring-type pertur-
bation of the worldsheet theory [34,5]. It correspond to adding to the Lagrangian of the
worldsheet theory a term
δLws = µJ−J−, (4.1)
where J− and J
−
are particular left and right-moving worldsheet currents. The con-
struction in the previous sections involves turning on the deformation (4.1) with a specific
sign.
7 Note that since we are using classical gravity in the present discussion, strictly speaking it
is only applicable in the limit 1 ≪ k ≪ p. In particular, for classical black holes the energy and
entropy go like p. Our results are expected to receive 1/p corrections, which we neglect.
8 This is the entropy of a BTZ black hole with mass M = E(0)/
√
kls, and angular momentum
n = 0; see appendices A and B for a short review.
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From the worldsheet point of view, nothing prevents us from turning on the pertur-
bation (4.1) with the opposite sign. In fact, this deformation preserves (4, 4) spacetime
supersymmetry for both signs of the coupling. However, the resulting string backgrounds
are quite different. The background M3 studied in the previous section is
ds2 =
1
f1
(−dt2 + dx2)+ kl2s dr2r2 , e2(Φ−Φ0) = kl
2
s
r2f1
, Btx =
1
f1
, (4.2)
with the harmonic function f1 given by
f1 = 1 +
r21
r2
, r21 =
g2l2sp
v
. (4.3)
It interpolates between AdS3 (or, more precisely, massless BTZ; see appendix A) for small
r, and a linear dilaton spacetime Rt × S1 ×Rφ for large r.
The other sign of µ in (4.1) gives rise to a spacetime of the form (4.2), but in this case
the harmonic function f1 assumes the form [5]
f1 = −1 + r
2
1
r2
, (4.4)
with r1 the same as before, (4.3). Comparing (4.4) to (4.3), we see that the behavior at
small r, which corresponds to the infrared limit of the boundary theory, is again massless
BTZ, but as we increase r we find a qualitatively different background. In particular, in
the case (4.4), as r → r1 we approach a curvature singularity which is not shielded by a
horizon (see figure 1(a)). The dilaton in (4.2) diverges at the singularity as well.
If we continue past the singularity, to r > r1, f1 flips sign, t becomes a spacelike
coordinate and x becomes timelike. Superficially, one might think that the regions on the
two sides of the singularity at r = r1 should be considered separately, but we will argue
below that this is not the case.9 Moreover, we will argue that for the purpose of studying
single-trace TT deformed CFT with negative coupling, it is advantageous to view t as time
and x as space, despite the fact that near the boundary at large r they are spacelike and
timelike, respectively.
We will refer to the full background (4.2), (4.4) asM−3 . From this point of view, the
background (4.2), (4.3) can be referred to as M+3 . The backgrounds M+3 and M−3 are
formally related by r2 → −r2, t ↔ x. However, it is important to stress that they are
9 Arguments that one should include both sides of related singularities have a long history; see
e.g. [35] for a review, and [36] and references therein, for a more recent discussion.
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Fig. 1: (a)M−
3
interpolates between a massless BTZ black hole at r = 0 (denoted
in yellow) and a naked singularity at r = r1 (dashed red line). The region beyond
the singularity, r > r1, must be included; it is asymptotically a flat spacetime
with a linear dilaton and flipped signature of (t, x). From the point of view of an
observer at infinity, this background is formed by adding p negative strings to the
near-horizon geometry of k NS5-branes. (b) A black hole with a finite energy in
M−
3
has a singularity at r = 0 and horizon at r = r0. The location r1 of the
naked singularity increases when r0 increases, and is always outside the black hole
(r1 > r0). (c) As the energy of the black hole approaches its maximal value, its
horizon goes to infinity and approaches r1 asymptotically.
not geodesically connected [37]. This is in agreement with the fact that they are different
theories, corresponding to the (non-normalizable) perturbation (4.1) with opposite signs
of µ.
Our goal is to repeat the analysis of section 3 for M−3 . Thus, we would like to
construct a BH, whose horizon r0 is located in the region 0 < r0 < r1. One can check that
the following metric, dilaton and H field satisfy the supergravity equations of motion:
ds2 =
1
f1
(−fdt2 + dx2)+ f5
(
1
f
dr2 + r2dΩ23
)
+
4∑
i=1
dx2i ,
e2Φ =g2
f5
f1
,
H =dt ∧ dx ∧ d
(
r20sinh2α1
2f1r2
)
+ 2kl2sdΩ3 ,
(4.5)
where f , f1 and f5 are given by
10
f = 1− r
2
0
r2
, f1 = −1 + r
2
1
r2
, f5 =
kl2s
r2
, (4.6)
10 Here we already took the decoupling limit of section 3. The background (4.5) is a solution
of the equations of motion also when f5 is taken to have the form (2.3), (2.4), i.e. before taking
the decoupling limit (with the H-flux replaced by that in (2.1)).
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and
r21 = r
2
0cosh
2α1 . (4.7)
The relation between α1 and p is given by the first equation in (2.4).
Other than the UV singularity at r = r1, the background (4.5) – (4.7) looks like
a standard BH spacetime, with a horizon at r = r0 and a singularity at r = 0. The
Bekenstein-Hawking entropy associated with the horizon is given by
S =
2piR
4G
(3)
N
√
f1
f5
=
piRr20sinhα1
2G
(3)
N kl
2
s
, (4.8)
where all the quantities are evaluated at r = r0. Wick rotating to Euclidean time, t→ iτ ,
compactifying τ on a circle of circumference β = 1/T , and demanding regularity of the
metric (4.5) at the horizon, one finds the inverse Hawking temperature
β = 2pi
√
klssinhα1. (4.9)
We can use BH thermodynamics to compute the entropy-energy relation, S = S(E), by
using the fact that E = E(r0), E(0) = 0, and imposing the thermodynamic relation
∂S
∂E
= β. (4.10)
This gives
S = 2pi
√
−kl
2
sE2
R2
+ 2kpE = 2piR
ls
p
√
k
√
E2c − (Ec − E)2
E2c
, (4.11)
where E = ER, Ec = pR2/l2s , as before. E(r0) is given by
E =
RvX
2l4s
(−e−2α1 + 1). (4.12)
The entropy (4.11) vanishes for E = 0, and reaches its maximal value for E = Ec. To see
what that means geometrically, it is convenient to write (4.11) in terms of r0, r1. Using
(2.4) and (4.12), one finds11
r21
r20
=
E2c
E2c − (Ec − E)2
, (4.13)
from which we see that r0 ≤ r1 for all E . The entropy (4.11) can be written using (4.13)
as
S =
2piR
ls
p
√
k
r0
r1
. (4.14)
11 Compare to (3.7), which is the analogous relation for positive coupling.
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The maximal entropy case corresponds to E → Ec, or r0 → r1.
It is instructive to generalize the calculation of r0, r1 in section 3 (eq. (3.9)) to the
case of negative coupling. One finds
r21 = 4pk
3/2lsG
(3)
N
( Ec
Ec − E
)
,
r20 = 4pk
3/2lsG
(3)
N
E(2Ec − E)
Ec(Ec − E) .
(4.15)
As E varies between 0 and Ec, r0 varies between 0 and infinity, and r1 varies between the
finite value (4.3) and infinity (see figure 1). The behavior of r0 is interesting since usually
the size of a BH goes to infinity in the limit of infinite energy, while here it happens for
finite energy. The entropy also has a finite limit as r0 → r1, (4.14). Note that since
r0, r1 → ∞ as E → Ec, Ec is a limiting energy in this system – it doesn’t make sense to
talk about BH’s with energy larger than Ec.
The above discussion shows that to the extent that the naked singularity at r = r1
provides a UV wall, it is a soft one – its location changes with the energy we put in the
small r region. In particular, we cannot restrict attention to the region r < r1, where
r1 is the location of the UV wall in the vacuum, given in eq. (4.3), since BH’s of energy
approaching the critical one have a horizon located at parametrically larger r.
We can also ask what happens to the temperature of the BH (4.9) as we vary the
energy. Plugging (4.7) into (4.9), we find
β = 2pi
√
kls
√(
r1
r0
)2
− 1 = 2pi
√
kls(Ec − E)√E2c − (Ec − E)2 . (4.16)
The temperature goes to zero as E → 0, and diverges as E → Ec. The specific heat of these
BH’s is positive for all E < Ec.
We finish this section with a few comments:
(1) In section 3, we derived the energy formula (3.12) from the entropy-energy relation
(3.11). It is straightforward to repeat the analysis for the case where this relation is
given by (4.11), instead. In fact, (4.11) is identical to (3.11), with the coupling (3.10)
replaced by
λ = − l
2
s
R2
. (4.17)
Hence, one finds again the spectrum (3.12), but with the negative coupling (4.17).
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(2) The authors of [23] proposed a holographic dual to TT deformed CFT with negative
coupling. The bulk spacetime in their construction is AdS3 with a UV wall at a finite
value of the radial coordinate. This value depends on the coupling constant, and goes
to infinity (i.e. to the boundary of AdS3) as the coupling goes to zero. High energy
states are BTZ BH’s whose horizon is constrained to lie inside the cut-off AdS3. The
maximal energy states correspond to a BH whose horizon coincides with the UV wall.
It is instructive to compare our construction to theirs. Of course, the two constructions
describe different theories (single and double-trace TT deformations of the boundary
CFT, respectively), but it is natural to compare their qualitative features. Some
things do agree between the two approaches. The analog of the UV wall of [23] in
our construction is the singularity at r = r1, with r1 given in (4.3). We also find a
maximal energy, which corresponds to a BH whose horizon approaches the UV wall.
And, the dependence of the energy on the coupling gives in both constructions the
result expected from the relevant TT deformed CFT. The main qualitative difference
between our construction and that of [23] is that in our construction, as the energy
of the BH increases, so does the position of the UV wall, r1 (see (4.15)). The horizon
only coincides with the UV wall in the limit r1 → ∞ (see figure 1). Thus, questions
like what happens to BH’s whose horizon does not fit in the cutoff AdS3 do not arise
in our case.
(3) In studying the thermodynamics of the BH (4.5) – (4.7), we focused on the region
near the horizon of the BH, r = r0. For standard black holes, one can alternatively
perform an analysis at infinity. For example, the dependence of the energy of the
BH on its size, E(r0) (4.12), is usually obtained from the ADM construction [38], by
studying the metric at large r. In our case, this asymptotic analysis is much more
subtle, since for r > r1 (4.15), the signature of x and t flips sign, as does exp(2Φ)
(4.5). In appendix C we describe an ADM-type calculation that has the property that
it reproduces the near-horizon analysis of this section. An important feature of that
analysis is that we still need to treat t as the time coordinate, despite the fact that at
large r it is spacelike. As we explain in appendix C, this is physically reasonable, since
we do something similar when we Wick rotate QFT’s from Lorentzian to Euclidean
signature. The analysis of appendix C gives the ADM mass
MADM =
RvX
2l4s
(−cosh2α1 + cosh2α5 + 1). (4.18)
14
In the limit r0 → 0, (4.18) takes the form
Eext = −pR
l2s
+ k
Rv
g2l2s
=
RvX
2l4s
(−sinh2α1 + sinh2α5), (4.19)
which looks like the energy of a BPS system of k NS5-branes and p negative strings.
In the decoupling limit of section 3, the energy E = MADM − Eext takes the form
(4.12).
(4) The discussion above was for states with zero momentum along the S1, n = 0. It can
be generalized to the case of arbitrary n.
5. String probe dynamics in M3
As mentioned in the introduction, the dynamics of long strings in M+3 (M−3 ) is
described by a symmetric product of TT deformed CFT’s with positive (negative) coupling.
For negative coupling, in each block of the symmetric product the spectrum of energies
is bounded from above, Eblock < Ec/p or, equivalently, Eblock < R/l2s. In the last section,
we saw that the bound on the total energy, Etotal < Ec, can be understood from the bulk
point of view by studying black holes in M−3 . In this section, we will try to extend this
understanding to an individual block.
To study a perturbation of a single block of the symmetric product, we will discuss
the dynamics of a probe long fundamental string inM−3 . We can think of this string either
as one of the p strings that are used in the construction of the undeformed AdS3×S3×T 4,
or as an additional string we add to the system. The difference between the two pictures
is only in the value of p, which we take to be large throughout this note.
As mentioned above, the duality predicts that the energy of such a string is bounded
from above by R/l2s. Our goal will be to see if that is indeed the case. As a warm-up
exercise, we will first consider the dynamics of such a string in M+3 , where we do not
expect any bound on the energy, and then turn to the case of interest,M−3 .
5.1. Probe string in M+3
The starting point of our analysis is the background (4.2), (4.3). We parametrize the
radial coordinate in terms of φ, related to r via the relation
r = r1e
φ
√
kls . (5.1)
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Note that r1 in (5.1) is given by (4.3), and should not be confused with (3.9). The precise
relation is: r
(here)
1 = r
(4.3)
1 = r
(3.9)
1 (E = 0).
In the parametrization (5.1), the harmonic function f1, (4.3), takes the form
f1 = 1 + e
−
2φ
√
kls . (5.2)
In this background, we study a probe fundamental string wrapping the x circle, and located
at the point φ(t) in the radial direction. The dynamics of such a string is described by the
Lagrangian
L = − 1
2pil2sf1
(√
1− f1φ˙2 − f1Btx
)
. (5.3)
The first term in the brackets is the Nambu-Goto Lagrangian, while the second is the
standard coupling of a fundamental string to the NS B-field [31]. As a simple check of the
relative coefficient between the two terms, setting φ˙ = 0, we find that the potential for the
string vanishes, in agreement with the fact that it is a BPS object.
The canonical momentum of φ is given by
Π =
δL
δφ˙
=
1
2pil2s
φ˙√
1− f1φ˙2
, (5.4)
and the energy of the string is
E =
∫ 2piR
0
dx(Πφ˙−L) = R
l2sf1

 1√
1− f1φ˙2
− f1Btx

 . (5.5)
Plugging in the expressions for f1, (5.2), and Btx = 1/f1, we see that for a stationary
string (φ˙ = 0) the energy vanishes, as appropriate for a BPS object, and for any non-zero
velocity the energy is positive.
We can use eq. (5.5) to solve for the velocity of the string:
φ˙2 =
l2sE(2R+ l
2
sf1E)
(R+ l2sf1E)
2
. (5.6)
As an example of the resulting motion, we can consider a string with a small energy
(E ≪ R/l2s), that starts deep in the AdS3 region at t = 0, φ(t = 0) = φ0, with φ0 large
and negative (f1(φ0)E ≫ R/l2s), moving in the positive φ direction. The initial velocity
of such a string, φ˙ ≃ 1/√f1, is very small for large |φ0|. As it moves towards larger φ it
accelerates, and for large positive φ, in the region where f1(φ) ≃ 1, its velocity approaches
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a constant value, φ˙ ≃ ls
√
2E/R. It takes the string an infinite amount of time to reach
the boundary, which is located at φ→∞.
It is not essential, but we mention for completeness that one can in fact solve the
equation of motion (5.6) exactly for all E. The solution takes the form
F (φ(t))− F (φ0) = t, (5.7)
where
F (φ(t)) =
√
k
E
(
−
√
2R+ l2sf1E +
R + l2sE√
2R + l2sE
arctanh
√
2R + l2sE
2R+ l2sf1E
)
. (5.8)
The solution (5.7), (5.8), describes a string moving to the right. The solution for a string
moving to the left has a minus sign in front of the r.h.s. in (5.7).
The classical string solutions described above give rise in the quantum theory to a
continuum of long string states labeled by the energy E. This energy takes values in IR+,
and in particular there is no upper bound on it. We will next see that the situation is
different for long strings inM−3 .
5.2. Probe string in M−3
To study a probe fundamental string in M−3 , we need to repeat the analysis of the
previous subsection in the background (4.2), (4.4). The only difference between the two is
in the form of f1, (4.3) versus (4.4). Thus, we can use the results obtained there, with the
appropriate form of f1.
To find the trajectory of the string, we need to solve eq. (5.6) with f1 given by
(4.4), (5.1). In the analogous calculation inM+3 , discussed in the previous subsection, the
trajectory was regular since the function f1(φ), (5.2), is bounded from below, f1 > 1, for
all φ. InM−3 , f1 = −1 + e−
2φ
√
kls is positive for large negative φ, but it goes to zero at the
singularity, and then becomes negative, approaching −1 at large positive φ. This leads to
a difference in the resulting trajectories.
One important qualitative fact is that the trajectory of the string is smooth at the
singularity r = r1, where f1 vanishes. Indeed, the velocity φ˙ and all higher time derivatives
of φ are finite at that point. This is compatible with the expectation from section 4, that
the singularity does not provide a hard wall for excitations ofM−3 .12
12 Different arguments for the smoothness of related singularities were presented e.g. in [36] and
references therein.
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Continuing the trajectory of the string past the singularity, we see that there are two
distinct regimes of energy. For E < R/l2s, the solution remains smooth for all t. At late
time, φ→∞, so f1 → −1, and the velocity (5.6) approaches a constant value
φ˙ =
ls
√
E(2R− l2sE)
(R− l2sE)
. (5.9)
Of course, in that region t is a spacelike coordinate, so it’s not clear that one should view
φ˙ as a velocity. We will return to this point later.
For E > R/l2s , the e.o.m. (5.6) is singular at a finite value of φ,
φ∗ =
1
2
√
kls log
(
El2s
El2s −R
)
. (5.10)
Near the singularity, it takes the form
φ˙ ≃ − α
φ− φ∗ ; α =
l2s
√
kER/4
El2s −R
, (5.11)
with the solution
φ− φ∗ ≃
√
2α(t0 − t) . (5.12)
As t → t0, φ → φ∗, and the time derivatives of φ diverge. The continuation of the
trajectory past the singularity is not unique, since the solution has a branch cut starting
at that point (but, see appendix D).
Some comments are useful at this point:
(1) The singularity of the trajectories we found occurs for any E > R/l2s. A natural
interpretation of its appearance is that such trajectories do not give well behaved states
in the quantum theory. This is in agreement with the expectations from the boundary
theory described in the beginning of this section. We discuss the relation between the
singularity of the trajectories and the upper bound on energies in appendix D.
(2) The location of the singularity, φ = φ∗ (5.10), depends on the energy of the probe
string. As E approaches R/l2s (from above), φ
∗ → ∞. On the other hand, for large
E, φ∗ → 0, i.e. the singularity is very close to the naked singularity at r = r1 (just
past it).
(3) The fact that the singularity of the trajectories occurs beyond the naive naked singu-
larity in the geometry is in qualitative agreement with the expectation that we need
to include the region beyond the singularity to describe string theory inM−3 .
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(4) The generalization of this section to string probe dynamics in the background of a BH
inM±3 is presented in appendix E.
(5) The singularity of the trajectory of a probe string for E > R/l2s has an interesting
interpretation in terms of the induced metric on the string,
ds2 =
1
f1
[
−dt2(1− f1φ˙2) + dx2
]
=
√
1− f1φ˙2
f1

−dt2√1− f1φ˙2 + dx2√
1− f1φ˙2

 .
(5.13)
Equation (5.5) implies that
√
1− f1φ˙2 = R
R+ l2sf1E
. (5.14)
Plugging this into (5.13), and recalling that f1 = −1 + e−
2φ
√
kls in M−3 , we see that
the induced metric on the string looks near the singularity of the trajectories like the
metric near the horizon of a BH (up to a conformal factor, that diverges there).
6. Discussion
In this note, we continued the study of string theory in the backgrounds M+3 (4.2),
(4.3), and M−3 (4.4), which correspond to the current-current deformation (4.1) of string
theory on AdS3 with positive and negative coupling, respectively. We showed that the
thermodynamics of black holes inM±3 , (3.3), (4.5), provides new insights into the dynamics
of the theory.
The main focus of our discussion was on M−3 and its excitations. The background
M−3 approaches AdS3 in the infrared (r → 0). As we move out in the radial direction, the
geometry changes, and at a finite value r = r1, given in (4.3), we encounter a singularity of
the metric and dilaton. A study of excitations of the geometry reveals that this singularity
does not constitute a hard wall in the theory.
In particular, when we consider (as we did in section 4) a black hole in this background,
the location of the horizon of the BH, r0, depends on its energy as in (4.15), which grows
with the energy and in fact diverges when the energy approaches a critical value, (3.8).
Thus, the radial position of the horizon of the BH, r0, can be much larger than r1 (4.3).
However, we found that in the BH background, the position of the singularity is pushed
to larger r as well, r = r1(E) given in (4.15), and the singularity is always outside the
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horizon of the BH, r0(E) < r1(E). In particular, the position of the singularity, r1(E), also
diverges in the limit E → Ec, and it is only in this limit that the horizon approaches the
UV singularity.
We also studied (in section 5) the dynamics of a probe fundamental string inM±3 . In
M+3 , we found that the trajectories are smooth, in agreement with the fact that the quan-
tum theory contains a continuum of long string states starting from the supersymmetric
vacuum (massless BTZ). In M−3 , we found a richer picture: for energy below a critical
value, 0 < E < R/l2s , we found smooth trajectories, that continue smoothly through the
naked singularity, while for E > R/l2s, we found that the resulting trajectories are singu-
lar, with a singularity at a value of the radial coordinate that depends on the energy, but
is always larger than r1. We interpreted this as the classical analog of the fact that the
quantum theory does not have states with E > R/l2s (see appendix D).
One conclusion from these calculations is that the singularity at r = r1 is soft – when
we add energy to the system, it occurs at a larger value of the radial coordinate. Another
conclusion is that we cannot restrict attention to the region r < r1(0), since excitations like
probe fundamental strings go smoothly through the singularity. Beyond the singularity,
the signature of the time coordinate t and spatial coordinate x (the boundary coordinates
of the original undeformed AdS3) flips, but we argued that one should still think of t as
time and of x as space.
The main motivation for this came from an analysis of the BH in section 4. We used
standard techniques of black hole thermodynamics to determine the entropy, temperature
and energy of this BH (4.8), (4.9), (4.12), and then asked whether we can reproduce these
results by an ADM-type analysis on the boundary at infinity, beyond the singularity. We
found that to do this we need to view the time coordinate t, which is spacelike near the
boundary, as the time in the ADM construction, and discussed a potential interpretation
of this fact (see appendix C).
The results of our analysis are in agreement with some known facts about string theory
on AdS3. As we mentioned in the introduction, the dynamics of long strings on AdS3 is
known to be holographically dual to a symmetric product of p CFT’s with central charge
c = 6k [18,19]; see [9] for a recent discussion and further references. In this sector of the
theory, the deformation (4.1) can be shown to be a TT deformation of the block of the
symmetric product.
A probe fundamental string can be thought of in the boundary theory as a state in a
single block (symmetrized over all blocks). Thus, for negative coupling in (4.1), we expect
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to find a bound on the energies of such states, which is precisely the bound in TT deformed
CFT with negative coupling. This explains the results of section 5 mentioned above.
A black hole corresponds in this language to a state in which all p copies in the
symmetric product are excited. Since the theory in each block of the symmetric product
has a positive specific heat, in the large p limit the energy is roughly equally divided among
the p factors. This explains the agreement of the BH thermodynamic analysis with the
properties of a symmetric product of TT deformed CFT’s.
It is interesting to compare our results to those of others that worked on related prob-
lems. In particular, the authors of [25] discussed the holographic dual of TT deformation
of a CFT with an AdS3 dual in the gravity regime. They concluded that the picture of
[23] described earlier, with a UV wall at a fixed value of the radial coordinate, needs to
be modified to include the whole region up to the boundary of AdS3. This conclusion is
in agreement with our results for the single-trace TT deformation – as we discussed, the
UV wall is soft, and excitations can smoothly pass through it. It would be interesting to
pursue the analogy between the pictures of [25] and this paper further.
We saw in section 4 that the theory with negative coupling can be thought of as
describing k NS5-branes and p negative strings (see (4.19)). This resonates with the results
of [7], who showed that the TT deformation of a free field theory of D scalar fields gives for
negative coupling a Nambu-Goto action for a string whose oscillator excitations contribute
with a minus sign to the energy. A similar picture is obtained from comparing the exact
spectrum of energies found in [6,7] to the spectrum of a (non-critical) free string (see [39]
for a recent discussion). It would be interesting to understand the relation between the
two pictures.
Negative branes were also discussed in [26]. These authors emphasized the fact that
in string theory, negative branes are surrounded by a region with different signature metric
than that obtained for large distance from the branes, and that the interface between the
two regions can in some cases be regular, in the sense that probe branes can smoothly
traverse it. Both of these elements are present in our example. Another point of contact
between the two analyses is that the backgrounds with negative branes can be supersym-
metric, and in fact preserve the same supersymmetry as the ones with positive branes. In
our case, the backgrounds M±3 × S3 × T 4 corresponding to k NS5-branes and p positive
and negative strings, respectively, preserve the same (4, 4) supersymmetry.
It would be interesting to explore the connection between the work of [26] and this
note, and in particular see whether our results have implications for other systems, such
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as the ones studied there. An example is the system of N negative D3-branes, which is
related to a single-trace irrelevant deformation of N = 4 SYM that preserves N = 4 SUSY.
Depending on the sign of the coupling, it is described in the bulk by a metric in which the
harmonic function of D3-branes goes at large distances to ±1. In [40], we generalize our
discussion of black holes to this case.
The region inM−3 , which from our perspective is beyond the singularity, was discussed
in a different context in [41]. In that paper, it was proposed that this “repulson” singularity
is resolved by the “enhancon” mechanism. Many of the detailed features of the analysis are
different in the two cases. For example, in [41], an important role was played by the fact
that the fivebranes carried non-zero string charge. This is not the case in our system. Also,
the physics studied in [41] was associated with the region r > r1, while in our case it is
associated with the region r < r1. As we discussed earlier, this is an important distinction.
A related fact is that in [41], the analog of our coordinate x is non-compact. Nevertheless,
since the two geometries look closely related, it is possible that one can learn from one
about the other, and it would be interesting to do so.
There are many other open problems related to our work, some of which we list next.
(1) In [33,42], it was shown that modular invariance of the target-space theory on a
torus places very strong constraints on TT deformed CFT’s and related theories. For
TT deformed CFT with negative coupling this led to a clash between unitarity and
modular invariance. The former favored keeping only states with real energies, while
the latter did not allow such a truncation of the spectrum. The results of this note
seem to suggest that a theory with the truncated spectrum may exist, and it would
be interesting to understand what are its properties when placed on a torus.
(2) The worldsheet sigma models on M±3 can be described by exact coset CFT’s, ob-
tained by gauging a null current on SL(2, IR) × R1,1 [20]. Axial (vector) gauging
gives M+3 (M−3 ). The black hole in M+3 has a similar description, as an axially
gauged SL(2,IR)×U(1)U(1) [37,19]. The BH in M−3 can be obtained by a continuation
r20 → −r20 of a vector gauging of SL(2,IR)×U(1)U(1) . CFT’s in this class exhibit interesting
non-perturbative effects in ls – see e.g. [43-46] and references therein. It would be
interesting to investigate their role in the present context. In particular, it would be
interesting to understand if the p negative strings that form theM−3 background are
related to the order 1/g2s instant folded strings in the interior of the two-dimensional
black hole discussed in [47-49].
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(3) The holographic duality between single-trace TT deformed CFT2 and the worldsheet
deformation (4.1) is a special case of a more general duality between symmetric prod-
uct CFT deformed by a general linear combination of single-trace TT , JT and TJ ,
and perturbative string theory on backgrounds obtained by current-current deforma-
tions of SL(2, IR) × U(1) [15,9]. It was shown that in all these cases, the energies
of states develop an imaginary part above certain critical values if and only if the
dual geometries have pathologies such as singularities, closed timelike curves (CTC),
and spacetime signature change beyond a certain value of the radial direction. For
instance, the dual geometry to single-trace µJT deformed CFT2 is the simplest ver-
sion of a warped AdS3 [15], which has CTC’s beyond a radial distance of order 1/|µ|
[9], and the energy spectrum has a corresponding upper bound. It would be inter-
esting to generalize our analysis of black holes and fundamental string probes to this
background, and more generally to the whole family of backgrounds discussed in [9].
(4) The properties of string theory on M−3 , studied in this paper, as well as on warped
AdS3 and other examples mentioned in the previous item, may be of relevance to
other backgrounds in quantum gravity with a finite number of states, such as de
Sitter spacetime. It would be interesting to generalize our results to such spacetimes.
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Appendix A. BTZ black hole
In section 3, we considered the near-extremal geometry of k NS5-branes wrapping
T 4×S1, in the presence of p fundamental strings wrapping the S1 and carrying momentum
n along it. We recalled that in the near-horizon region of the fivebranes it can be thought
of as a (rotating) charged black string inM3 (times S3 × T 4), with charge p and angular
momentum n. In this appendix, we show that in the near fundamental strings limit, one
obtains a BTZ black hole.
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As discussed in section 3, when r0 ≪ r1, the horizon of the BH is deep inside the
AdS3 region in M+3 , and taking the limit r ≪ r1, keeping X in (2.5) finite, amounts to
dropping the 1 from the harmonic function f1 in (2.1), in addition to dropping the 1 from
f5 (as already done in (3.2)). After a coordinate transformation, ϕ = x/R, τ =
√
klst/R,
and ρ2 = R
2
r2
0
sinh2α1
(r2 + r20sinh
2αn), the metric takes the form
ds2 = −N2dτ2 + dρ
2
N2
+ ρ2(dϕ+Nϕdτ)
2, (A.1)
with
N2 =
(ρ2 − ρ2+)(ρ2 − ρ2−)
l2skρ
2
=
ρ2
l2sk
− 8G3M + (4G3n)
2
ρ2
, Nϕ = −4G3n
ρ2
, (A.2)
where the three dimensional Newton constant, G3, the location of the outer and inner
horizons, ρ±, mass M and angular momentum n, are given in terms of the parameters in
section 2 by
G3 =
e2Φ(r→0)ls
4vk3/2
=
l3s
4v
√
kXsinh2α1
, (A.3)
ρ2+ =
cosh2αn
sinh2α1
R2 , ρ2− =
sinh2αn
cosh2α1
R2 , (A.4)
√
klsM =
R2vX
2l4s
cosh2αn = h+ h− c
12
, n =
R2vX
2l4s
sinh2αn = h− h . (A.5)
The geometry thus obtained is that of a BTZ black hole,13 and in eq. (A.5) we indicated
the value of its mass and angular momentum within the standard AdS3/CFT2 dictionary,
where h and h are left and right handed scaling dimensions in a CFT2 with central charge
c = 6kp.
Appendix B. General n
In this appendix, we present the result for the entropy and spectrum of black holes in
M+3 , for generic momentum on the S1, n/R. From eq. (2.14), in the limit (3.2), one finds
the familiar result [19], that the entropy of a black string which consists of p fundamental
strings wrapping the S1 with momentum n, in the near-horizon region of k NS5-branes
wrapping T 4 × S1, is
S =
piRr20coshα1coshαn
2G
(3)
N kl
2
s
= pi
√
kls
(√
m2 − q2L +
√
m2 − q2R
)
, (B.1)
13 For a review, see e.g. [50] and references therein.
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where the mass m and charges qL,R are given in terms of the winding and momentum
numbers, p, n, and the dimensionless energy above extremality, E , by
m =
pR
l2s
+
E
R
, qL,R =
n
R
± pR
l2s
. (B.2)
As in section 3, we regard λ ≡ l2s/R2 as a parameter that we change while keeping S
fixed. In particular, in the λ→ 0 limit, we find that S in (B.1) is indeed the entropy of a
BTZ black hole, (A.1) – (A.5), with mass and angular momentum M = E(0)/√kls and n,
respectively,
S = 2pi
√
kp
2
(√
E(0)− n+
√
E(0) + n
)
= 2pi
√
c
6
(√
h− c
24
+
√
h− c
24
)
, (B.3)
as it should. And, finally, from (B.1) = (B.3), one finds that the energies deform as
1
p
E(λ) = 1
λ

−1 +
√
1 + 2λ
E(0)
p
+ λ2
(
n
p
)2 , (B.4)
which is precisely the spectrum found in [6,7], written in terms of the energy and momen-
tum per block, E/p and n/p, in a symmetric product of p TT deformed CFT’s.
Appendix C. ADM mass
In this appendix, we will present a brief derivation of the ADM mass of the the black
holes discussed at various stages in the paper. We start with the background (2.1). The
metric in the Einstein frame is given by
ds2E = e
−(Φ−Φ0)/2ds2. (C.1)
Dimensionally reducing the metric on T 4 × S1 to five dimensions gives rise to a 4 + 1
dimensional black hole
ds2E = −(f1f5fn)−2/3fdt2 + (f1f5fn)1/3
(
dr2
f
+ r2dΩ23
)
, (C.2)
where f and f1,5,n are given by (2.3), as before. According to the ADM prescription (see
e.g. [38] for a review), the mass of the BH can be read off from the asymptotic expansion
of the time component of the metric
gtt = −
(
1− 4G
(10)
N
3pi2RVT 4
MADM
r2
+O(1/r4)
)
. (C.3)
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Comparing (C.3) to the asymptotic expansion of the time component of the metric in (C.2)
gives rise to (2.7).
Next, we consider the background (2.1) with αn = 0, f1 = −1 + r20cosh2α1/r2 and f5
given by (2.3). The metric in the Einstein frame is again given by (C.1). Since f1 (4.4)
is negative for r > r1, the dilaton in (2.1) appears to be complex. We take the attitude
14
that in the expression for the dilaton we need to replace f1 by |f1|. Upon dimensional
reduction to 4 + 1 dimensions, one obtains
ds2E = −
|f1|1/3
f1
f
−2/3
5 fdt
2 + (|f1|f5)1/3
(
dr2
f
+ r2dΩ23
)
, (C.4)
which describes a black hole with a horizon at r = r0 and a naked singularity at r = r1.
As discussed in section 4, t is spacelike in the asymptotically flat region r → ∞,
whereas x is timelike there. Thus, to compute the ADM mass of the resulting spacetime,
one might think that x should be treated as time. However, it turns out that to match to
the thermodynamic discussion of section 4 one has to still treat t as time, and to define
the ADM mass by the following asymptotic expansion of the metric component gtt:
gtt =
(
1− 2G
(10)
N
3pi2RVT 4
MADM
r2
+O(1/r4)
)
. (C.5)
Indeed, comparing (C.5) to the asymptotic expansion of the corresponding component of
the metric in (C.4), one obtains
MADM =
RvX
2l4s
(−cosh2α1 + cosh2α5 + 1). (C.6)
In the limit r0 → 0, (C.6) takes the form
Eext = −pR
l2s
+ k
Rv
g2l2s
=
RvX
2l4s
(−sinh2α1 + sinh2α5), (C.7)
which looks like the energy of p negative strings and k fivebranes. In the decoupling limit
of section 3, the energy E =MADM − Eext takes the form (4.12).
At first sight the above prescription seems strange, but we want to argue that it is
analogous to what we do in many other settings in QFT. For example, to study quantum
electrodynamics in an external electric field in Lorentzian signature, we turn on a non-zero
expectation value of F01 (say), the electric field in the x direction. Now suppose we want to
14 This can be justified by studying the corresponding worldsheet sigma model.
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study the theory in Euclidean signature (e.g. in order to analyze it at finite temperature).
Since under Wick rotation t → iτ the field strength F01 → iF01, the resulting Euclidean
theory has an imaginary condensate of the field strength. This looks odd from the point of
view of the Euclidean theory, but is OK since we are using the Euclidean theory to learn
about the Lorentzian one.
In our case, the situation is similar, except the flip of signature happens as a function
of the radial coordinate, rather than being done by hand. Since we are interested in
the dynamics of the region r < r1, where the time is t, it is natural to perform the ADM
procedure with respect to that time, even though it is no longer timelike near the boundary
at infinity, where the ADM analysis is performed.
Appendix D. Semiclassical analysis
In section 5 we saw that a probe string with energy E > R/l2s in M−3 encounters a
singularity along its trajectory when it reaches the point φ∗ (5.10). We also argued (in
comment (1) after eq. (5.12)) that this is related to the fact that states with these energies
develop an imaginary part in their energy. The purpose of this appendix is to explore this
relation.
The analysis of section 5 involved the Nambu-Goto action for the string (with a
coupling of the string to the external B-field, given by the second term in (5.3)). To study
the trajectory of the string we fixed the static gauge and solved for the trajectory of the
string in the radial direction, φ = φ(t), (5.6).
As is well known, for quantization it is more convenient to go from the Nambu-Goto
action to the Polyakov one. The Nambu-Goto action is obtained by solving the equations
of motion for the worldsheet metric hab, which set it equal (up to an undetermined Weyl
factor) to the induced metric on the string. That metric is gven by (5.13), and was
discussed in section 5.
For quantization, it is more convenient to fix the conformal gauge hab = ηab (again,
up to a conformal factor). In this appendix we will use the resulting action to do two
things: (1) review the (semiclassical) derivation of the energy formula and in particular
the resulting imaginary part above the critical energy; (2) describe the classical trajectories
of section 5, whose semiclassical quantization gives those energies. Doing both in conformal
gauge makes the relation between them more or less manifest.
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The worldsheet action of a fundamental string inM±3 in conformal gauge is given by
S =
1
2pil2s
∫
d2z
(
∂φ∂φ+
1
f1
∂γ∂γ
)
, (D.1)
where the worldsheet is a cylinder parametrized by τ and σ ≃ σ + 2pi, with
z =
1√
2
(τ + σ), z =
1√
2
(τ − σ) (D.2)
and
∂ =
1√
2
(∂τ + ∂σ), ∂ =
1√
2
(∂τ − ∂σ). (D.3)
The coordinates (γ, γ) in (D.1) are related to (t, x) in section 5 by
γ = x+ t, γ = x− t. (D.4)
D.1. Semiclassical quantization
The conjugate momentum densities for the fields (φ, γ, γ) are given by
Πφ = T φ˙,
Πγ =
T√
2
f−11 ∂γ =
T
2
f−11 (γ˙ + γ
′),
Πγ =
T√
2
f−11 ∂γ =
T
2
f−11 (γ˙ − γ′),
(D.5)
where T is the string tension given by T = 1/2pil2s , and dot and prime denote derivatives
with respect to τ and σ respectively.
The worldsheet Hamiltonian is given by
H =
1
2pi
∫ 2pi
0
dσH, (D.6)
where the Hamiltonian density is
H = Πφφ˙+Πγ γ˙ +Πγ γ˙ −L
= Πγγ
′ − Πγγ′ + 2ΠγΠγf1
T
+
Π2φ
2T
+
Tφ′2
2
.
(D.7)
The worldsheet momentum is given by
p =
1
2pi
∫ 2pi
0
dσP, (D.8)
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where the worldsheet momentum density P is
P = Πφφ′ +Πγγ′ +Πγγ′. (D.9)
Let E be the energy of the string conjugate to t and P be the momentum conjugate to x.
Since x is compact, P is quantized
P =
n
R
, (D.10)
where n is an integer. The spacetime quantum numbers are given by
∫ 2pi
0
dσΠγ = −EL
R
,
∫ 2pi
0
dσΠγ =
ER
R
,
∫ 2pi
0
dσΠφ = Pφ,
(D.11)
where
EL =
R
2
(E + P ),
ER =
R
2
(E − P ).
(D.12)
We also have ∫ 2pi
0
dσγ′ =
∫ 2pi
0
dσγ′ = 2piwR,
∫ 2pi
0
dσφ′ = 0,
(D.13)
where w is the winding of the string around the x circle. We will mainly be interested in
w = 1, since this is the sector which can be most directly compared to TT deformed CFT.
The contribution of the zero modes of the string to the worldsheet Hamiltonian H,
denoted by ∆ +∆, is given by
∆ +∆ = −w(EL + ER)− l
2
sf1
2
(E2 − P 2) + l
2
s
2
P 2φ . (D.14)
The contribution of the zero modes of the string to the worldsheet momentum p, is given
by
∆−∆ = nw. (D.15)
For a string with zero momentum in the x direction, P = n = 0, winding w = 1, and no
excitation of the transverse directions, the vanishing of the total stress tensors, T = T = 0
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(the Virasoro constraints), implies that ∆ = ∆ = 0 in (D.14). The resulting equation
depends on φ. This is due to the fact that the worldsheet theory (D.1) is interacting. As
usual in theories of this sort (e.g. Liouville theory, CFT on the cigar, etc), it is convenient
to send φ→∞, where f1 approaches a constant, the worldsheet theory becomes free, and
Pφ becomes a good quantum number.
The solution of the mass-shell condition is
E =
R
l2s
−
√(
R
l2s
)2
− P 2φ (D.16)
We see that when the momentum Pφ exceeds the critical value Pφ = R/l
2
s , the energy
develops an imaginary part. In terms of TT deformed CFT, one can think of Pφ as
labeling the undeformed energy of the state corresponding to the long string, E0. The
precise relation is E0R =
1
2
α′P 2φ .
D.2. Classical trajectories
The purpose of this subsection is to find the classical trajectories that give rise upon
semiclassical quantization to the states described by (D.16). We will find that they are
precisely the trajectories discussed in section 5, viewed in conformal gauge. As in (D.16),
we will restrict to states with P = 0, for simplicity.
The equations of motion obtained by varying the action (D.1) are
2∂∂φ = − f
′
1
f21
∂γ∂γ,
f−11 ∂γ = c,
f−11 ∂γ = −c,
(D.17)
where f ′1 denotes derivative of f1 with respect to φ and
c =
E
2
√
2piT
, (D.18)
derived using (D.11). To solve the equations of motion (D.17), we choose the ansatz
φ = φ(τ), x = Rσ, t = t(τ). (D.19)
Then (D.17) takes the form
φ¨ =
f ′1
2f21
(t˙−R)2,
t˙ = R+ l2sf1E.
(D.20)
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One can compute the stress tensor and imposing the Virasoro constraints get
φ˙2 − f−11 (t˙2 −R2) = 0. (D.21)
Using (D.21) and the second equation in (D.20), one gets(
dφ
dt
)2
=
l2sE(2R+ l
2
sf1E)
(R+ l2sf1E)
2
, (D.22)
which is precisely the result obtained in (5.6).
As discussed in section 5, inM−3 (D.22) leads to singular trajectories for E > R/l2s . In
conformal gauge, we can see this singularity by combining equations (D.20) and (D.21). For
energy E < R/l2s , we can study trajectories for which t(τ), φ(τ)→∞ at large worldsheet
time τ . For such trajectories, at large τ f1(φ)→ −1, and (D.20) gives t(τ) ≃ (R− l2sE)τ .
Substituting into (D.21), and using the fact that φ˙ = l2sPφ (see (D.5), (D.11)), we
find that φ(τ) ≃ l2sPφτ , where Pφ is related to the energy as in (D.16). As Pφ increases,
the energy E (D.16) approaches the critical value R/l2s. Increasing Pφ further does not
increase the energy beyond the critical value, but rather introduces an imaginary part,
which presumably means that the state is unstable.
This seems to be compatible with the fact that the classical trajectory (D.20), (D.21),
has the property that for E > R/l2s, t˙ changes sign at a finite value of φ. Thus, the
trajectory (t(τ), φ(τ)) cannot approach the boundary at infinity at large τ . At the same
time, substituting (D.20) into (D.21), one finds that φ goes to infinity at large τ . Hence,
this solution corresponds to a string that does not exist beyond some finite time.
Appendix E. String probe dynamics in M3 with a black hole
In this appendix, we generalize the discussion in section 5 to the case of a BH inM±3
(i.e. to r0 > 0). The dynamics of a probe string in M±3 with r0 > 0 is governed by the
Lagrangian
L = − 1
2pil2sf1
(√(
f − f1
f
φ˙2
)
− f1Btx
)
, (E.1)
where, as there, the first term in the brackets is the Nambu-Goto Lagrangian, while the
second is the coupling of a fundamental string to the NS B-field. The B-field inM±3 with
r0 > 0 is given by
Btx = ±

− r20sinh2α1
2r21f1e
2φ
√
kls
+ 1

 , (E.2)
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and f1 = ±1 + r21/r2, with r21 given in eqs. (2.3) and (4.7) for the + and − cases,
respectively, and φ =
√
kls ln(r/r1).
Unlike M±3 , when r0 > 0, a probe string at rest feels a non-zero force. The corre-
sponding potential is
V (φ) = −
∫ 2piR
0
dx L(φ˙ = 0) = R(
√
f − f1Btx)
l2sf1
. (E.3)
In both cases, the potential energy outside the horizon, r > r0, is a negative, monotonically
increasing smooth function of φ, which approaches V → 0− as φ→∞. In particular, V is
smooth at r = r1, even though the classical geometry has a curvature singularity there.
The canonical momentum of φ is given by
Π =
δL
δφ˙
=
1
2pil2sf
kφ˙√
f − f1
f
φ˙2
, (E.4)
and the energy of the string is
E =
∫ 2piR
0
dx(Πφ˙− L) = R
l2sf1

 f√
f − f1
f
φ˙2
− f1Btx

 . (E.5)
Note that for a stationary string inM±3 with r0 > 0, the energy no longer vanishes. This
is due to the fact that the black hole breaks supersymmetry, so the string is no longer a
BPS state.
One can solve (E.5) for the velocity of the string:
φ˙2 =
(
f2
f31
)
f21 (RBtx + l
2
sE)
2 − fR2
(RBtx + l2sE)
2
. (E.6)
The dynamics of the probe string in the background of a black hole inM+3 is quite different
from that in M−3 . Thus, we will treat the two cases separately.
E.1. Probe string in M+3 with r0 > 0
As an example, let us consider a probe string in the backgroundM+3 with a BH whose
horizon r = r0 is located deep in the AdS3 regime. Let us also consider the case that the
string starts at t = 0 and φ(t = 0) = φ0, where φ0 is very close to the horizon, but is
outside the BH, and is moving in the radial outward direction with energy E ≪ R/l2s.
As it moves towards larger φ, it accelerates, and for large positive φ, in the region where
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f1(φ) ≃ 1, its velocity approaches a constant value, φ˙ ≃ ls
√
2E/R. It takes the string an
infinite amount of time to reach the boundary, which is located at φ→∞. This behavior
is quite similar to the case r0 = 0.
Similar to pure M+3 , the classical string described above gives rise in the quantum
theory to a continuum of long string states labeled by the energy E. This energy takes
values in IR+, and in particular there is no upper bound on it. Things are very different
for long strings in the background of a black hole inM−3 , as we shall discuss next.
E.2. Probe string in M−3 with r0 > 0
As in the case of pureM−3 , f1 here is positive for large negative φ, but it goes to zero
at the singularity, and then becomes negative, approaching −1 at large positive φ. This
leads to a difference in the resulting trajectories. Inspecting the relevant equations above,
one sees that the probe string is moving smoothly in the regime between the horizon and
singularity, r0 < r < r1, in particular, at the singularity. In fact, the velocity φ˙ and all
higher time derivatives of φ are finite at that point. However, continuing the trajectory of
the string past the singularity, we see that there are two distinct regimes of energy. For
E < R/l2s, the solution remains smooth for all t. At large t, φ → ∞, so f1 → −1, and φ˙
in (E.6) approaches a constant value given by (5.9). For E > R/l2s , the e.o.m. (E.6) has a
singularity at a finite value of φ,
φ∗ =
1
2
√
kls log
(
1 +
R
√
1− r20/r21
El2s −R
)
=
1
2
√
kls log
(
1 +
Rr20sinh2α1
2r21(El
2
s −R)
)
. (E.7)
Near the singularity, it takes the form
φ˙ ≃ − α
φ− φ∗ , (E.8)
where
α =
ls
√
kRr20sinh2α1
[
2Rr21 + (El
2
s −R)r20sinh2α1
]3/2
4
√
2r31(El
2
s −R) [2r21(El2s −R) +Rr20sinh2α1]
, (E.9)
with the solution
φ− φ∗ ≃
√
2α(t0 − t) . (E.10)
As t→ t0, φ→ φ∗, and the derivatives of φ diverge.
As in the case of M−3 with r0 = 0, the continuation of the trajectory past the sin-
gularity is not unique, since the solution has a branch cut starting at that point. The
properties of the probe string trajectory inM−3 with r0 = 0, stated in comments (1), (2),
(3) at the end of subsection 5.2, also hold here.
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